Abstract. In this paper we present a new model for single-celled, non-branching hypha tip growth. The growth mechanism of hypha cells consists of transport of cell wall building material to the cell wall and subsequent incorporation of this material in the wall as it arrives. To model the transport of cell wall building material to the cell wall we follow Bartnicki-Garcia et al in assuming that the cell wall building material is transported in straight lines by an isotropic point source. To model the dynamics of the cell wall, including its growth by new material, we use the approach of Campas and Mahadevan, which assumes that the cell wall is a thin viscous sheet sustained by a pressure difference. Furthermore, we include a novel equation which models the hardening of the cell wall as it ages. We present numerical results which give evidence that our model can describe tip growth, and briefly discuss validation aspects.
Introduction
In this article we model the growth of fungal filaments. Fungi filaments are called hyphae. Hyphae grow by localized cell extension at their tips. During tip growth a hypha cell exhibits extreme lengthwise growth while its shape remains qualitatively the same and the tip's velocity remains approximately constant. Furthermore, in the absence of spatial influences the cell's shape is almost rotationally symmetric. In Figure 1 we display an idealized cell wall shape during tip growth.
In many fungi exhibiting tip growth a dynamic cluster of vesicles is present close to the tip [7, 21, 29] , see Figure 2 . It is called the Spitzenkörper. It remains at an approximately fixed distance from the tip. The exact workings of the Spitzenkörper are not understood. However, there is strong evidence that the Spitzenkörper plays a crucial role in tip growth [6, 7, 8] . These vesicles are transported to the cell wall. Fusion of the vesicles with the cell membrane leads to growth of the cell. Since the Spitzenkörper is located close to the tip we expect most of the growth to take place at the tip. Modelling of fungal tip growth consists of two parts: transport of cell wall building material to the cell wall from the Spitzenkörper and growth of the cell wall as new cell wall building material arrives. Certain fungi follow approximately orthogonal growth trajectories [1] . Assuming that the growth is orthogonal and that the cell wall building material is transported in straight lines by an isotropic point source, Bartnicki-Garcia et al. arrived at a model which has the characteristic features of tip growth [2] . Alternatively, the transport of cell wall building materials can be modelled using a diffusive process as proposed by Koch [18] . These models do not take into account the material properties of the cell wall. Experimental results from Wessels et al. [30] suggest that the tip of the cell deforms more easily than the part behind it. Campas and Mahadevan modelled this by assuming that the cell wall is a thin viscous sheet which increases in viscosity as the distance to the tip is increased [3] . Goriely et al. assumed an elastic response of the cell wall with decreasing elasticity away from the tip [11, 12] . Eggen et al. assume that the expansion of the cell wall is regulated by an expansion propensity which depends on an ageing process given by a constant rate Poissonian decay process [5] . These three models yield the characteristic features of tip growth.
In this paper, we propose a new model that combines and extends the work of Bartnicki-Garcia et al. [2] and the work of Campas and Mahadevan [3] . We assume that the cell wall building material is transported in straight lines from an isotropic point source, and we describe the cell wall as a thin viscous sheet. Furthermore, we include a novel equation which models the hardening of the cell wall with age. We call our model the Ballistic Ageing Thin viscous Sheet model (BATS) model. The governing equations of this model are given by a five dimensional first order ODE. This model requires an explicit dependency of the viscosity on the age, called the viscosity function.
This paper is structured as follows: In Section 2 we discuss some background on the biology of fungal tip growth. In Section 3 we describe the BATS model in detail. In Section 4 we derive the governing equations as a first order five dimensional ODE and define which solutions correspond to tip growth. In Section 5 we present some numerical examples of tip growth as described by the BATS model.
The main features of the BATS model have been announced (without a full derivation or discussion of the biological background) in [16] . The first author intends to describe the numerical aspects in detail in a forthcoming paper since the numerical aspects are of independent interest.
Hyphal morphogenesis: Tip growth in fungi
When unaffected by external forces, a single non-branching hypha cell exhibiting tip growth has a tubular shape. It expands in the direction corresponding to the outward normal at its tip while its width away from the apical region remains almost unchanged. During growth the tip's velocity remains approximately constant and the overall shape remains qualitatively the same, see Figure 1 .
In this section we give a brief exposition of the biology of tip growth in fungal hyphae. For a more in-depth treatment we refer to [17, 24] .
The Spitzenkörper
In many fungi exhibiting tip growth a dynamic cluster of vesicles is present [7, 21, 29] . This cluster located close to the tip is called the Spitzenkörper. It remains at an approximately fixed distance from the tip. The exact workings of the Spitzenkörper are not understood. However, there is strong evidence that the Spitzenkörper plays a crucial role in tip growth. Experiments by Girbardt with fungal hyphae of Polystictus indicate that when the Spitzenkörper disappeared hyphal elongation stopped and when the Spitzenkörper reappeared hyphal elongation continued [6, 7, 8] . Furthermore, Girbardt observed that a change in the position of the Spitzenkörper preceded a change in the growth direction of the hyphae [8] . Hence, it has been hypothesized that the Spitzenkörper controls hyphal elongation by sending vesicles to the cell wall [2] . Experiments on the fungus Allomyces macrogynus suggests that the vesicles at the Spitzenkörper are synthesized far behind the hyphal tip and then collected by the Spitzenkörper [22] . Vesicles destined for fusion with the cell membrane are called exocytic vesicles. Fusion with the cell membrane leads to growth of the cell wall and cell membrane. The hypothesized vesicle transport is displayed in In the fungus Neurospora crassa the exocytic vesicles are tethered to the cell membrane along the so called exocyst complex. The exocyst complex seems to localize close to the hyphal tip [28] . This gives strong evidence that due to the closeness of the Spitzenkörper to the tip the apex receives most of the vesicles and consequently, grows the most.
Turgor pressure
The cell wall thickness is of the same magnitude over the whole fungal cell. Consequently, the cell wall's area must expand, otherwise the cell wall would continuously thicken. In [1] particles in the cell wall of the fungus Rhizoctonia solani were tracked during tip growth. It turned out that the particles follow approximately orthogonal trajectories with respect to the cell wall, see Figure 4 . In addition, there is no indication that the cell rotates during tip growth. Figure 4 : Orthogonal growth trajectories.The black curves describe the growing cell wall. The trajectory that the red cell wall particle follows is represented by a red curve. This curve intersects the growing cell wall orthogonally. Hence, it is called an orthogonal growth trajectory.
The observation that the cell wall particles follow orthogonal growth trajectories suggests that there is a driving force perpendicular to the cell wall surface. Under normal circumstances the hyphal contents exert a substantial pressure on the cell wall which yields a pressure difference between the inside and outside of the cell [15] . Puncturing the cell wall leads to a rapid outflow of the cell's contents. Hence, the pressure difference might be the cause for orthogonal cell wall growth trajectories in Rhizoctonia solani. However, no experimental results yield a direct link between tip growth and turgor pressure. Furthermore, there are biological arguments which suggest that the turgor pressure and the Spitzenkörper are insufficient to explain tip growth:
-Oomycetes require no turgor pressure for tip growth: Oomycetes are water moulds belonging to the kingdom of Straminipila. Tip growth in oomycetes can take place in the absence of measurable turgor pressure [13, 25] . However, for fungal hyphae it remains an unresolved issue whether tip growth can occur without turgor pressure [19, 20] .
-Orthogonal growth has only be shown for Rhizoctonia solani : The author is unaware whether the growth trajectories have been studied for any other fungal cell besides Rhizoctonia solani. However, the root hairs of the plant Medicago truncatula exhibit tip growth with non-orthogonal growth trajectories [4] .
-Microscopic properties of the cell wall are important for the cell shape: The microscopic properties of the cell wall determine how much stress the cell wall can bear and how it deforms. Hence, these properties determine how the cell shape responds to a pressure difference.
The last point indicates that a description of the cell wall dynamics is necessary to model tip growth accurately.
The cell wall dynamics: the soft spot
To withstand the pressure difference the cell wall is generally very strong and rigid. However, the chemical composition of the cell wall is not homogeneous. In 1892 Reinhardt conjectured that cell wall close to the tip is more flexible compared to the part behind the tip. This is the so-called soft-spot hypothesis. Experimental evidence to support this claim was obtained more than 90 years later by Wessels et al. [30] . Intuitively, this explains how the pressure difference allows for extreme growth in the longitudinal direction with hardly any expansion in the radial direction. Also observe that the flexibility/rigidity of the cell wall influences the growth trajectories. Consequently, non-orthogonal growth trajectories might be explained by the chemical composition of the cell wall.
Derivation of the BATS model
In the previous section we presented biological evidence that the turgor pressure, the Spitzenkörper and the cell wall dynamics drive tip growth. Hence, we have constructed a tip growth model which incorporates these biological components. We call our model the Ballistic Ageing Thin viscous Sheet (BATS) model. It models idealized tip growth since we assume there is an unlimited supply of cell wall building material. Hence, there is unlimited growth. We refer to this idealized tip growth as steady tip growth. In this section we will see that the BATS model consists of governing equations given by ODEs and an integral equation together with conditions which identify solutions corresponding to steady tip growth. We refer to these conditions as steady tip growth conditions.
The BATS model can be summarized as follows:
1. Steady tip growth is described by travelling wave profiles. We assume that the cell is axially symmetric. We also assume that the cell grows at an approximately constant speed while preserving its overall shape. Hence, we model steady tip growth by an axially symmetric travelling wave profile. In addition, we formulate further conditions on the cell shape based on the biological cell shape of hypha cells.
2.
The cell wall is a thin viscous sheet sustained by the pressure difference. To model the evolution of the cell wall we use the work of Campas and Mahadevan [3] . They assume that the cell wall is a thin viscous sheet sustained by the pressure difference between the inside and the outside of the cell.
3. The Spitzenkörper is a ballistic vesicle supply center. To model the Spitzenkörper we use the work of Bartnicki-Garcia et al. [2] . They assume that the Spitzenkörper is an isotropic point source which transports vesicles in straight lines at a constant rate to the cell wall.
4. The cell wall viscosity increases with age. We model the soft spot hypothesis by introducing a novel age variable. The age corresponds to the average age of all cell wall particles at a given location in the cell wall. We assume that the viscosity depends on the age. An explicit viscosity function needs to be chosen to complete the model. From the soft spot hypothesis we expect that the cell wall 'hardens' with age. Hence, we consider viscosity functions which increase monotonously with age. The model of Campas and Mahadevan models the soft spot by assuming that the viscosity increases monotonously with the arclength to the tip [3] . Eggen, Keijzer and Mulder have proposed an age equation in [5] but this differs from the age equation of the ballistic ageing thin viscous sheet model.
We devoted a subsection to each of these modelling components.
Steady tip growth is described by travelling wave profiles
During tip growth the hypha's tip moves at an approximately constant speed and the hypha cell preserves its overall shape. Since we assume unlimited cell growth we describe steady tip growth by travelling wave profiles. For this purpose, we first need to introduce suitable coordinates to describe the cell surface.
Parametrizing the hypha cell surface
We assume that the cell surface is axially symmetric. Hence, it is convenient to express the cell shape in cylindrical variables (z, r, φ). We parametrise the z, r-variables with respect to s which is the arc length to the tip, s = 0. This implies that the tip of the cell is the intersection of the cell surface with the z-axis. Hence, lim s→0 (r(s), z(s)) = (0, z 0 ). Observe that we have the equality
Hence, z(s) fixes the cell surface. For a visualization of the variables describing the cell shape see Figure 5 . Figure 5 : The hypha cell shape: We assume that the cell shape is axially symmetric. Hence, we use cylindrical coordinates (z(s), r(s), φ) where s is the arclength to the tip.
Steady tip growth shape conditions
We will characterize the cell shape during steady tip growth. We assume that z, r ∈ C ∞ (R + , R). The following four conditions give a formal description of the steady tip growth shape: T1a Tip limits:
T2a Analyticity in r 2 : There exists a s 0 > 0 and a
2 ) ∀s ∈ (0, s 0 ).
T3a
Global constraints: For all s ∈ R + the following constraints are satisfied
T4a Base limits:
We refer to the conditions T1a, T2a, T3a, T4a as the steady tip growth shape conditions. We briefly explain these conditions. By the definition of s it follows that lim s→0 (z, r)(s) corresponds to the cell's tip. This explains condition T1a. Condition T2a is based on the axial symmetry and the smoothness at the tip. We assume that the cell qualitatively resembles the cell shape in Figure 5 which explains condition T3a. We have that lim s→∞ (z, r)(s) corresponds to the cell's base, i.e. the base of the dome forming the apical shape. For tip growth we expect that the cell's width at the base converges to a positive constant. Hence, we require lim s→∞ r(s) = r ∞ > 0.
In this idealized setting we assume that the hypha has infinite length. Hence, from the cell's orientation it follows that lim s→∞ z(s) = ∞. This explains condition T4a.
Travelling wave profiles
The hypha moves at an approximately constant speed and the hypha cell preserves its overall shape. The cell grows in the direction of the outward normal at the tip. We assume that the tip moves at an approximately constants speed and that the hypha cell preserves its overall shape. Let z, r satisfy the steady tip growth shape conditions. Then, in the (z, r)-plane the moving profile at time t is characterized by (z(s) + ct, r(s)) where c is the velocity of the tip, see Figure  6 .
Figure 6: Travelling profiles corresponding to steady tip growth: The tip moves from right to left in forward time. We displayed three profiles with timestep t 0 > 0.
The cell wall as a thin viscous sheet
Following Campas and Mahadevan [3] , we model the cell wall as a thin viscous sheet subject to a pressure difference. Let us first explain these modelling assumptions:
-The pressure difference: In the hypha biology this is the difference between the turgor and the atmospheric pressure. It generates a force in the direction of the outward normal since the turgor pressure is higher than the atmospheric pressure.
-Thin sheet: It makes sense geometrically to model the cell wall as a thin sheet since the cell wall thickness is much smaller than the observed radii of curvature of the cell.
-The cell wall is viscous: Little is known about the mechanical properties of the cell wall. However, the numerical work performed for the thin viscous sheet model of Campas and Mahadevan suggests the existence of solutions satisfying the steady tip growth shape conditions [3] .
To derive the governing equations for our tip growth model we will first assume that z, r satisfy the steady tip growth shape conditions. In this section we will give a derivation of the governing equation when the cell wall is modelled as a thin viscous sheet subject to a pressure difference. We will also discuss conditions on the new variables in the case of steady tip growth.
Derivation of the thin viscous sheet equations
We assume that the cell wall is a thin viscous sheet in mechanical equilibrium sustained by a pressure difference. Chapter 7 of Howell's doctoral thesis [14] contains a derivation of the generalized thin viscous sheet equations. We use this to derive the thin viscous sheet equations for our axially symmetric cell surface. In addition, we include the pressures applied to the boundary of the sheet a priori. In Howell's work the pressure drop is only included after derivation of the governing equations. Furthermore, in preparation of the Spitzenkörper model, Section 3.3, we will assume that there is an influx of viscous fluid at the inner boundary of the sheet.
Parametrising the cell wall: Observe that in R 3 any axially symmetric surface can be described by
We let x given by (1) parametrise the center surface of the sheet. Then by axial symmetry the cell wall thickness, h, is a function of only s. The boundary of the cell wall is parametrized by
, where n is the normal given by
The position of a fluid particle in the sheet is represented by x(s, φ) + nn(s, φ) where n ∈ (−h(s)/2, h(s)/2). Observe that since our description of the position of the fluid particle is independent of time we are setting up governing equations in a moving coordinate frame. We will refer to the normal direction as the n-direction. For an overview of the description of the cell wall see Figure 7 . The normal on the boundary n = ±h/2 is given by . At s the cell wall has thickness h(s).
Incompressibility condition: It will be convenient to use the orthonormal basis {e s , e φ , n} where e s , e φ correspond to the unit vectors in the s-, φ-direction, respectively. The velocity vector of a fluid particle, u, is a function of (s, n). We can write u = u s e s + u φ e φ + u n e n . Since the cell does not rotate we assume that u φ = 0. The u vector is visualised in Figure 8 . Observe that u s , u n are functions of (s, n). The incompressibility condition is given by Figure 8 : The velocity vector u: The dashed line is the center surface. Since the cell does not rotate we have that u = u s e s + u n e n .
where s , φ correspond to scaling factors given by
and κ s , κ φ are the principal curvatures given by
Stress-strain constitutive relation and Stokes equation: Before we present the Stokes equation we present the linear stress-strain constitutive relation given by
where µ 0 is the viscosity and p is the hydrodynamics pressure inside the sheet. We assume that the viscosity µ 0 is a function of s. The Stokes equation in the φ-direction yields the zero identity. The Stokes equation in the s-and n-direction are given by
Boundary conditions: Denote by P + the pressure on the outside and by P − the internal turgor pressure, see Figure 9 .
Assume that P + < P − . The pressure difference produces a force in the normal direction on the sheet's boundaries. In the s-direction and the φ-direction we assume that the external stresses are zero. Hence, we take as boundary condition σ · n ± = P ± n ± on n = ±h/2 where n ± is given Figure 9 : Pressure difference: The light grey area corresponds to the inside of the cell and the dark grey area corresponds to the cell wall. The internal pressure is P − and the external pressure is P + .
by (3) . Evaluating this boundary condition yields the following equalities on n = ±h/2:
Observe that from (6) it follows that (10) does not contain any information.
There is an influx of new cell wall material through the inner surface boundaries. We denote the rate of cell wall addition per unit area by ϕ. Hence, we refer to ϕ as the flux. The kinematic condition on n = −h/2 is then given by u · n − = ϕ. Evaluating this boundary condition yields the following equality on n = −h/2:
Since there is no influx of new cell wall material at n = h/2 the kinematic condition on n = h/2 is given by
Non-dimensionalisation: We will perform a non-dimensionalisation of the equations. Here we choose the length scale L such that the characteristic mean curvature scale is of order 1/L. We let the characteristic thickness be εL with ε 1 a positive parameter. Denote by U the characteristic velocity scale and by M the characteristic viscosity scale. The scalings become r = Lr , s = Ls , n = εLn ,
The pressure, P ± , applies stress on a sheet with thickness of order ε. The flux ϕ supplies new cell wall material to a sheet with thickness of order ε. Consequently, we assume that
In the primed variables we can non-dimensionalise the governing equations. We continue with the primed variables. For notational we will drop the primes. Formal ε-expansions: Assume that we can write the variables u s , u n , p as a formal expansion in ε. We will denote the ith coefficient with a (i) superscript where i ∈ N ≥0 , e.g.
Evaluating the ε-expansion in (6) we obtain
Then collecting the leading-order terms in the Stokes equation and the zero stress boundary condition we obtain that
Hence, u
n and u
s are independent of n and the leading order terms of the stress components σ nn and σ sn are O(1). We denote the ith coefficient of the stress components with a (i) superscript where i ∈ N ≥0 .
Collecting the leading order terms in the kinematic condition and using that u (0) n is independent of n gives
Using (17) the leading order terms of the stress components become
Collecting the lowest order terms in ε in the incompressibility conditions we get the equality
n is linear in n. From the kinematic condition we obtain that
Combining (19)- (21) we obtain the equality
This equality can be written as
Collecting the leading order terms in the Stokes equation (11) and in the zero stress condition (11) we get that σ (0) nn = 0. Consequently, the leading order pressure term becomes
Inserting (19) into (23) we obtain
Inserting (24) into the equation for σ ss and σ φφ (18) we obtain
Hence, the leading order terms of σ ss and σ φφ are independent of n. Collecting the leading order terms in the Stokes equation (7) and zero stress condition (9) we obtain that
Consequently, collecting the leading order terms in the Stokes equation (8) and using (26) gives
Hence, σ (1) nn is linear in n. Collecting the leading order terms of the zero stress condition (10) and using (26) we get
Cell wall tension equations: We define the pressure drop P := P − − P + . Tension in a surface is the force across an infinitesimal path per unit length. Hence, tension is an analogue of stress for surfaces. The leading order terms of the tensions on the sheets' boundary in the s-and φ-direction are given by σ ss := hσ φφ , respectively. Combining (27) and (28) we obtain
Collecting the leading order terms of the Stokes equation (7) we get
Hence, σ
sn is linear in n. Collecting the leading order terms of the zero stress condition (9) we get
Combining (30) and (31) we get r dh ds σ
Using the expression for the curvature terms and (29) we can rewrite (33) in a nicer form [27] (see also p. 212 in [11] ):
Assuming that r, z satisfy the tip limits T1a we get
Equations for the cell wall: We continue with the leading order terms. Hence, we drop all the superscripts. Let u := u s . Then to summarize this section we have the following equations for the cell wall:
where the tensions are given by
Observe that all the equations are independent of time since we gave a description of the cell wall in comoving frame which moves with the travelling wave profiles' velocity. The velocity of the travelling wave profile can be obtained by computing lim s→∞ u(s).
In the supplemental data of [3] Campas and Mahadevan give a heuristic derivation of (34)-(35). Equation (34) and (35) are derived by assuming a force balance in the n-and z-direction, respectively. Hence, we refer to equation (34) and (35) as the n-and z-balance equation, respectively. We refer to equation (36) as the mass balance equation since it is derived from assuming a mass balance.
Steady tip growth dynamics conditions
Similarly to what we did for the shape variables, r, z, we formulate steady tip growth conditions for u, h:
T1b Tip limits:
T2b Analyticity in r 2 : There exists a s 0 > 0 and a
T3b
Global constraints: For all s ∈ R + the following constraints are satisfied:
T4b Base limits:
We refer to the conditions T1b, T2b, T3b, T4b as the steady tip growth dynamics conditions. We briefly explain these conditions. The cell wall particles cannot be stationary, as otherwise the cell wall would continuously thicken. We also expect that lim s→∞ u(s) = u ∞ > 0 since the velocity of the steady tip growth profile must be a positive constant. The cell wall thickness must be positive for steady tip growth. This explains condition T1b, T3b, T4b. Condition T2b is based on the smoothness and axial symmetry of the cell shape.
The Spitzenkörper as a ballistic point source
We model the Spitzenkörper using the work of Bartnicki-Garcia et al. [2] . They assume that the Spitzenkörper can be modelled as a so-called Vesicle Supply Center (VSC). They take the VSC to be an isotropic point source which continuously and at a constant rate sends vesicles to the cell wall. Furthermore, they assume that it transports vesicles in straight lines to the cell wall, see Figure 10 . Therefore, it is referred to as the ballistic VSC. We place the VSC at the origin in the (z, r)-plane. We assume that z, r satisfy the steady tip growth shape conditions with lim s→0 z(s) = z 0 < 0, see Figure 10 . For this model to make sense, the cell needs to be star-shaped with respect to the VSC, see Figure 11 . Observe that this is guaranteed by Condition T3a. Based on the modelling considerations we derive the vesicle flux at the internal boundary of the cell wall. The scalar flux at a point on the cell wall is given by
here C 0 is the rate of cell-wall building material emitted by the VSC. Figure 11 : Example of a non-star-shaped cell. Observe that the cell wall shape does not satisfy T3a.
Let C = C 0 /(4π). By T3a we have dz/ds = 1 − (dr/ds) 2 . We define the scalar flux
and, accordingly, fix ϕ = γ(dr/ds, z, r) in (36).
The viscosity and age function
Inserting the curvature terms (5) and the tensions (37) in the z-balance equation (35) we get 4µ 0 h dz/ds r du ds + u 2r
Assume for the moment that µ 0 is constant (contrary to [3] ). Suppose that z, r satisfy the steady tip growth shape conditions and that u, h satisfy the dynamic conditions. Taking the limit s → ∞ in (38) yields
and so contradicts Condition T4b. Concluding, if µ 0 is constant there exist no solutions to the model which satisfy the steady tip growth shape and dynamics conditions.
Hence, we will consider non-constant viscosity µ 0 . More specifically, we will define a new sdependent variable Ψ corresponding to the average age of the cell wall material at s. Then we will set µ 0 = µ(Ψ) with µ ∈ C ∞ (R + , R + ) a suitably chosen function. We refer to µ as the viscosity function.
Let us first set up the age equation. We write the position of a cell wall particle as s(t) where t is the time variable. Then we can write the tangential velocity of a cell wall particle as
Denote by t(ς, s) the time it takes a particle in the cell wall to travel from ς to s. Using (40) we have that
We define the cumulative flux G(s) as total flux of material into the part of the cell wall parameterized by arclength ς from the tip to ς = s:
At a point with arclength s there is cell wall material which originally entered at ς ∈ (0, s) and has been part of the cell wall for t(ς, s). Weighing t(ς, s) by the mass which enters the cell wall at ς we get t(ς, s)G (ς). To obtain the average age we integrate t(ς, s)G (ς) over an arc (0, s) and divide it by the total flux over that arc:
We rewrite the expression for Ψ into a more convenient form using the mass balance equations and G:
Assume that z, r satisfy the steady tip growth shape and that u, h satisfy the dynamic conditions. Then Ψ satisfies
For the coupling between viscosity and age we introduce the function µ ∈ C ∞ (R + , R + ) and set µ 0 = µ(Ψ). We will assume that
Observe that (45) implements the soft spot hypothesis since the cell wall viscosity increases with respect to its average age. It then follows from (38) by using lim s→∞ Ψ(s) = ∞ that
is a necessary condition for the existence of a solution satisfying the steady tip growth shape and dynamics conditions. Hence, we will only consider viscosity functions µ which satisfy (46).
The governing first order ODE
We consider the dependent variables r, z, h, u, Ψ and denote the s-derivative with a prime. The governing equations are then given by and we can write the Ψ-equation (53) as
Observe that dropping the tildes yields the original equations. This is because the involved quantities scale linearly with respect to the vesicle supply rate. Consequently, without loss of generality we set C = 1.
The cumulative flux as function of the shape
We will show that if z, r satisfy the steady tip growth shape conditions then there exists a func-
Using the substitution v = z/r we find that
Since z, r satisfy the steady tip growth shape conditions we have that
Therefore, with (54) and (55) the cumulative flux can be written as
Consequently, we set
red So, we will substitute G(s) by Γ(z(s), z(s)). Assuming that u, h satisfy the steady tip growth dynamics condition we obtain from the mass balance equation (36):
The differential equation for Ψ
The age variable Ψ is defined by an integral equation, see (53). We will derive a differential equation for Ψ.
Observe that Ψ satisfies
We replace the integral equation (53) 
Eliminating the u variable
Now we will eliminate the u variable from the governing equations and write the resulting equations in a convenient form.
Substituting the tensions in (52) in the balance equations (47), (48) we write the resulting equations as
, whereμ(Ψ) = 4µ(Ψ)/P . Solving for u we get
Inserting u from (60) and u from (57) in the z-balance equation (48) we get r = 3 2
Hence, we obtained a second order equation for r.
Reinserting r from (61) in (60) we get
From the mass balance equation (49) we get, using (57) and (62),
Observe that Equations (63), (61), as well as (58) are independent of u. Thus, we have eliminated the variable u from the system.
For notational convenience we will drop the tilde on µ.
The five dimensional first order ODE
We now summarize our results by presenting the governing equations as a first order ODE system. Since we want this subsection to be self-contained in defining this ODE we will also repeat all the necessary functions. The five dimensional first order autonomous ODE is given by
where
and µ ∈ C ∞ (R + , R + ) satisfies
We will consider the phase space given by
We refer to ODE (64) as the governing ODE. We denote the vector field corresponding to (64) by V ∈ C ∞ (M, R 5 ).
Steady tip growth solutions
Let x * := (ρ * , h * , Ψ * , z * , r * ) be a solution of the governing ODE. Then define u * := Γ(z * , r * )/(r * h * ).
Then we want suitable conditions on x * such that r * , z * , h * , Ψ * , u * satisfy the governing equations (47)-(50), (53), the steady tip growth shape and dynamics conditions, and (59). We call a solution (ρ * , h * , Ψ * , z * , r * ) of the governing ODE (64) a steady tip growth solution if it satisfies the following four conditions: T1 Tip limits:
T2 Analyticity in r 2 : There exists a s 1 > 0 and a G ∈ C ω (−a, a), R 4 with a = r * (s 1 )
∀s ∈ (0, s 1 ).
T3
Global constraints: For all s ∈ (0, ∞) the following constraints are satisfied
T4 Base limits:
If x * is a steady tip growth solution then it follows from Sections 4.2-4.4 that r * , z * , h * , Ψ * , u * satisfy the governing equations (47)-(50), (53) and the steady tip growth shape and dynamics conditions. Observe that the governing ODE depends on µ which is unspecified.
Numerics
We are unaware of the existence of biological data on fungal hypha species which can be used to compute µ. Our numerical work suggests that the conditions on the viscosity functions such that governing ODE (64) has steady tip growth solutions are not very restrictive. If µ is a polynomial viscosity function then our numerical results suggest that steady tip growth solutions exist if
In addition, for a polynomial viscosity function µ satisfying (66) the numerics also suggests that there exists a smooth one-to-one and onto function f µ : R − → R + such that for any z 0 < 0 there exists a steady tip growth solution (ρ, h, Ψ, z, r) with maximal existence interval (0, ∞) such that
In terms of the hypha biology this means that the distance from the tip of the cell to the VSC uniquely determines the cell shape.
Given the viscosity functionμ(Ψ) = 1+Ψ 3 we computed steady tip growth solutions for different z 0 in Figure 12 . Observe thatμ satisfies (66). By increasing z 0 the tip of the cell becomes more pointed and the width of the cell increases.
Concluding remarks
We constructed a new model for tip growth of fungal hyphae. Our numerical work suggests that there exist viscosity functions for which the governing ODE (64) has steady tip growth solutions.
To validate the model experimentally the viscosity function needs to be determined. The thickness of the cell wall can be determined [26] and the turgor pressure can be measured [23] . It is also possible to determine the shape of the cell wall and the location of the Spitzenkörper [1, 2] . Hence, we can experimentally determine h, z, r, u. Using (57) we can determine the VSC rate C. Given h, z, r, C we can compute Ψ using the integral equation (53). Finally, we can use the h-equation or the ρ-equation in (64) to determine the viscosity function µ. Given µ we can then proceed to verify if the governing ODE (64) has a steady tip growth solution which approximates the experimentally determined cell growth. From a biological perspective the determination of these variables would be a suitable topic for future work. In case this model does not match the experimental results the viscosity of the cell wall will not have a dominant role in tip growth of fungal hyphae. Studies on the material properties of fungal cell walls are extremely useful to obtain accurate models. It might also be useful to study the fungal cell wall at a molecular level as the chemical processes involving the cell wall polymers determine its material structure. This can be studied in an implicit way by observing how gene mutations affect hypha morphogenesis. Pioneering work in this field has been done by Gordon et al. [9, 10] Giving an existence proof for steady tip growth solutions would be interesting from a theoretical point of view but turns out to be complicated as (64) is a 5 dimensional non-linear ODE without obvious structural properties to be exploited. Furthermore, steady tip growth solutions correspond to travelling wave profiles of an underlying PDE to the governing ODE (64). Should travelling wave profiles exist, in the sense of steady tip growth solutions, it is a natural question whether these are stable with respect to small perturbations. Answering this question, however, would demand methods of PDE rather than ODE analysis.
